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THE CONTACT MAPPINGS OF A FLAT (2, 3, 5)-DISTRIBUTION
ALEX D. AUSTIN
Abstract. Let Ω andΩ′ be open subsets of a flat (2, 3, 5)-distribution. We show
that a C1-smooth contact mapping f : Ω→ Ω′ is a C∞-smooth contact mapping.
Ultimately, this is a consequence of the rigidity of the associated stratified Lie
group (the Tanaka prolongation of the Lie algebra is of finite-type). The conclu-
sion is reached through a careful study of some differential identities satisfied by
components of the Pansu-derivative of a C1-smooth contact mapping.
1. Introduction
Let M be a connected C∞-smooth manifold of dimension n. A distribution on
M is a sub-bundle HM of the tangent bundle TM determined by a collection of
C∞-smooth vector fields X1, . . . , Xd via HpM = span(X1|p, . . . , Xd|p). Since M is
connected and HM is a vector bundle, dim(HpM) is independent of p and called
the rank of the distribution.
SupposeM is a manifold equipped with a distribution HM as above. LetΩ ⊂M
be open. We write vk(Ω) for the Ck-smooth sections of TΩ and vkH(Ω) for the C
k-
smooth sections of HΩ. Set v1 = v
∞
H (M), and define by iteration vk = vk−1 ⊕
[v1, vk−1]. Let Γ
k be determined by Γkp = span{V |p : V ∈ vk}. The distribution
HM is called regular if Γk is a distribution for all k.
When HM is regular, there exists a unique positive integer s such that
HM = Γ1 ( Γ2 ( · · · ( Γs
and Γk = Γs for all k > s. If we set l1(p) = Γ
1
p, and for k ≥ 2, lk(p) = Γ
k
p/Γ
k−1
p ,
then l(p) =
⊕
k≥1 lk(p) can be given a bracket as in [19, p. 9] making it a stratified
Lie algebra of step s. See Section 2 for the definition of a stratified Lie algebra (of
step s) and the early sections of [19], [22] for more details on the objects of this
paragraph. If there exists a stratified Lie algebra l such that l(p) is isomorphic to l
at every p ∈M then the pair (M,HM) is called of type l. Somewhat conversely, if
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L is a Lie group such that its Lie algebra l =
⊕
k≥1 lk is stratified of step s, then l1
determines a regular distribution HL on L and (L,HL) is of type l.
Let M,M′ be C∞-smooth manifolds and let Ω ⊂ M be open. We call f : Ω→
M′ a Ck-diffeomorphism if f : Ω → f(Ω) is a homeomorphism and both f and
f−1 are Ck-smooth. When M,M′ are connected and HM,HM′ are distributions
on M,M′, respectively, we call f : Ω → M′ a (Ck-smooth) contact mapping if
it is a Ck-diffeomorphism for some k ≥ 1 and Df(HΩ) = Hf(Ω). This implies
f∗v
∞
H (Ω) ⊂ v
∞
H (f(Ω)). If f : Ω → M
′ is a contact mapping then so too is f−1 :
f(Ω)→M. The pairs (M,HM) and (M′,HM′) are called locally equivalent if for
all p ∈ M, and for all q ∈M′, there exist open Ω ⊂M with p ∈ Ω, open Ω′ ⊂M′
with q ∈ Ω′, and a C∞-smooth contact mapping f : Ω→ Ω′.
The pair (M,HM) is called a (2, 3, 5)-distribution ifM is a connected C∞-smooth
manifold with dim(M) = 5 and HM is a regular distribution on M satisfying
rank(HM) = rank(Γ1) = 2, rank(Γ2) = 3, and rank(Γ3) = 5. These were studied by
Cartan in his famous “five variables” paper [6]. This work claimed a classification
long accepted as complete until a missing case was discovered by Doubrov and
Gogorov in 2013 [10]. See also the commentary in [21]. Cartan discussed (2, 3, 5)-
distributions in the context of space curves of constant torsion. They have since
been linked to the symmetries of rolling balls [3] or, if you prefer, a rolling spinor
[2].
A (2, 3, 5)-distribution is called flat if a certain invariant (quantity preserved under
local equivalence) vanishes. Every flat (2, 3, 5)-distribution is locally equivalent to
the Lie group we study in Section 3 that is commonly called the Cartan group (and
we follow suit). The Cartan group C is a rigid stratified Lie group (definitions in
Section 2). The main purpose of this paper is to prove the following.
Theorem 1.1. Let Ω ⊂ C be open. If f : Ω → C is a C1-smooth contact mapping
then f is C∞-smooth.
This is achieved in Theorem 3.6 of Section 3. Our paper can be thought of as a
detailed case study of a natural extension to methods making use of the Tanaka
prolongation of a stratified Lie algebra. We hope it may provide insight into the
way the structure of a rigid group controls the geometry and function theory of that
group.
In [15] it was shown that if L is any rigid stratified Lie group, Ω ⊂ L is open,
and f : Ω → L is a C2-smooth contact mapping then f is C∞-smooth. We are
improving on this result in a special case.
The result of [15] just referred to is achieved as follows. If V ∈ v1(Ω) is contact,
then it may be regularized so that the smooth approximations are also contact. A
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C∞-smooth contact vector field on a domain of a rigid stratified Lie group is known
to have polynomial coefficients, with the degree of these polynomials dependent only
on the group structure. Indeed the C∞-smooth contact vector fields on a domain of a
rigid group form a finite-dimensional Lie algebra. Consequently, the approximating
vector fields limit on the original in a finite-dimensional subspace. Thus the original
C1-smooth contact vector field has polynomial coefficients and in fact V ∈ v∞(Ω).
This is utilized by taking the vector field generator V of a family of C∞-smooth
contact mappings, left-translations say, and considering f∗V with f a C
2-smooth
contact mapping on Ω. Since
(1) [f∗V, v
∞
H (f(Ω))] ⊂ f∗[V, v
∞
H (Ω)] ⊂ v
∞
H (f(Ω))
we have by definition that f∗V is a C
1-smooth contact vector field on f(Ω). The
previous argument implies f∗V is C
∞-smooth and this can be used to deduce that
f itself is smooth. When f is assumed only C1-smooth, (1) is not justified. The
computations of Section 3 are a means of circumnavigating this obstacle.
Let us take a closer look at the guiding principle behind those computations.
Suppose L is a stratified Lie group with l = Lie(L). If X ∈ l then p 7→ exp(tX)p
is left-translation by exp(tX), a family of C∞-smooth contact mappings indexed by
parameter t. Let V |p =
d
dt
∣∣
t=0
exp(tX)p. With f a contact mapping on a domain
Ω ⊂ L we consider
ht(q) = f
(
exp(tX)f−1(q)
)
which is a family of contact mappings (on f(Ω)) satisfying h0(q) = q. Assuming
everything is smooth, we notice that h˙0(q) = (f∗V )|q = (X˜f)|f−1(q) with X˜ the
right-invariant mirror of X . Of course, if X is in the center of l then X˜ = X . We
are able to rely on such vector fields in Section 3.
Suppose L is a rigid group and vC(Ω) is the finite-dimensional Lie algebra of
C∞-smooth contact vector fields on Ω (isomorphic to a Lie algebra independent
of Ω we will denote vC). Once a contact mapping f on Ω has been shown to be
C∞-smooth it is found to be induced by an element of the automorphism group of
vC. See the paragraphs at the end of Section 3 in [15]. In the case of the Cartan
group, vC is isomorphic to g2 the real “split form” of the 14-dimensional exceptional
complex simple Lie algebra gC2 . For a painstaking calculation of a basis of vector
fields for vC(C) see [16].
A C1-smooth assumption could be said to be natural when defining a contact
mapping, however, it leaves something to be desired. Better would be a horizontal
Sobolev-type condition. That is, if
⊕
i≥1 li = Lie(L) and X1, . . . , Xd is a basis for
l1 then we would like to assume only that f : Ω → f(Ω) is a homeomorphism and
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that the components of the distributional derivatives Xjf are in L
r
loc(Ω) for some
r ≥ 1. This setup can then be used to define contact in a weak sense. It could
be argued that exactly what r should be is yet to be decided. It seems quite likely
that, with some algebraic dexterity, our approach could give a C1-smooth result
for all rigid groups. Whether a variation on these methods has application in the
Sobolev setting remains to be seen, but there is reason to believe it would require
some delicate analysis. This is in large part due to the appearance of right-invariant
derivatives as mentioned above.
A horizontal Sobolev-type condition is the right assumption in the study of (lo-
cally) quasiconformal mappings (for equivalence of the analytic definition with other
definitions). We do not pursue this topic in any detail here for the sake of brevity.
We should, however, make note of recent work on Xie’s conjecture. This conjec-
ture states that if L is a stratified Lie group (equipped with its canonical Carnot-
Carthe´odory distance function) other than Rn or Hn (the n-th Heisenberg group)
then every quasiconformal mapping f : Ω→ L is locally bi-Lipschitz, and moreover
if Ω = L then f is bi-Lipschitz. The recent paper [13] proves this in the case of non-
rigid Carnot groups. In the case of rigid groups, the conjecture would be verified if
it were true that all quasiconformal mappings were C∞-smooth (once coupled with
the results of [9]). All geometric mappings such as bi-Lipschitz and quasiconformal
mappings must be weakly contact. On the other hand, a C1-smooth contact map-
ping is necessarily locally quasiconformal. In [13] the authors mention that rigid
groups will be discussed in a forthcoming article.
If L is an H-type group with center of dimension at least 3 (these groups are
rigid), then a quasiconformal mapping f : Ω → L is C∞-smooth by the regularity
results of [4] and [5]. These rely on non-linear potential theory. We emphasize
that our results are achieved using linear operators only. Our program of using
vector flow methods in conjunction with linear hypoelliptic operators was begun in
collaboration with Jeremy Tyson in [1], and was to some extent influenced by [14]
and [17]. These papers are all related to conformal, or 1-quasiconformal mappings
and Liouville-type theorems for them.
1.1. Acknowledgements. The author thanks Alessandro Ottazzi for comments
on the Tanaka prolongation of a stratified Lie algebra, Francesco Serra Cassano for
elaborating on the proof of Lemma 3.3, and Ben Warhurst for suggesting the Cartan
group as suitable test case.
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2. Contact vector fields on a stratified Lie group
A Lie algebra l is called stratified (of step s) if dim(l) < ∞ and there are vector
spaces li such that l =
⊕
i≥1 li, [l1, li] = li+1 for all i ≥ 1, ls 6= {0}, and li = {0}
for all i > s. A Lie group L is called stratified if it is connected, simply connected,
and l = Lie(L) is stratified. Nothing essential is lost if a stratified Lie group is
regarded as Rn with a polynomial group law. Indeed, if L is a stratified Lie group
and Ω ⊂ L is open then we (tacitly) identify Ω with an open subset of Rn whenever
it is convenient to do so.
If L is a stratified Lie group and X1, . . . , Xd is a basis for l1 then HL denotes the
distribution determined by HpL = span(X1|p, . . . , Xd|p). If Ω ⊂ L is open then HΩ
is the induced distribution and we write vkH(Ω) for the C
k-smooth sections of HΩ.
Elements of vkH(Ω) will be referred to as horizontal vector fields. When k ≥ 1, a
vector field V ∈ vk(Ω) is called contact if [V, v∞H (Ω)] ⊂ v
∞
H (Ω).
A simple prolongation of a stratified Lie algebra l =
⊕
i≥1 li is a graded Lie algebra
h =
⊕
i∈Z hi satisfying
(i) for all i ≤ −1, hi = l−i and
(ii) for all i ≥ 0, if Z ∈ hi is such that [Z, h−1] = {0} then Z = 0.
The Tanaka prolongation of l is the simple prolongation t(l) =
⊕
i∈Z ti(l) such that
whenever h =
⊕
i∈Z hi is another simple prolongation, there is an injective Lie
algebra homomorphism ξ : h → t(l) with ξ(hi) ⊂ ti(l) for all i. See [19, pp. 23-25]
for the construction of t(l). A stratified Lie group L with Lie algebra l is called rigid
if there exists N ≥ 0 such that ti(l) = {0} for all i ≥ N . The following can be found
near the end of Section 3 in [15].
Proposition 2.1. Let L be a stratified Lie group of dimension n and let Ω ⊂ L be
open. If L is rigid then there is N ≥ 0 with the following property: if Y1, . . . , Yn is
a basis for l = Lie(L) and V =
∑n
i=1 viYi ∈ v
1(Ω) is a contact vector field, then the
component functions vi are polynomials of degree no greater than N .
Should v1(Ω) be replaced by v∞(Ω) (see the second paragraph of the introduction
for notation) then the statement follows almost immediately from the constructions
of Section 2.6 in [15]. Those constructions took inspiration from Section 2 of [22],
which is largely an exposition of Section 6 in [19]. As stated, the proof of the
proposition uses a smoothing argument which had appeared before in [8, p. 83].
When L is a stratified Lie group and Ω ⊂ L is open, we write D′(Ω) for the real-
valued distributions on Ω. Since there is an overlap of vocabulary we emphasize
that distributions is being used here in the sense of generalized functions. They are
continuous linear functionals on (C∞0 (Ω), τ) with τ the usual topology. Convergence
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in D′(Ω) is with reference to the weak-⋆ topology. With l = Lie(L), define v<1(Ω) =
D′(Ω)⊗ l. We think of v<1(Ω) as the space of finite formal sums{∑
αiZi
∣∣∣∣ αi ∈ D′(Ω), Zi ∈ l}
(which it is, modulo the null sums). We sometimes call an element of v<1(Ω) a
generalized vector field (on Ω).
Suppose L is a stratified Lie group with l = Lie(L) of step s. Let {Yi,j} be a basis
for l such that Yi,1, . . . , Yi,di is a basis for li. For all i = 2 . . . , s, j = 1, . . . , di, and
k = 1, . . . , d1 there is a linear combination Qi,j,k acting on di−1 objects such that for
all open Ω ⊂ L and for all α1, . . . , αdi−1 ∈ D
′(Ω) we have
di−1∑
j=1
αj [Yi−1,j, Xk] =
di∑
j=1
Qi,j,k(α1, . . . , αdi−1)Yi,j
in v<1(Ω) for all i = 2, . . . , s and k = 1, . . . , d1. A generalized vector field Υ =∑s
i=1
∑di
j=1 αi,jYi,j is called contact if for all i = 2, . . . , s, j = 1, . . . , di, and k =
1, . . . , d1 we have
Xkαi,j = Qi,j,k(αi−1,1, . . . , αi−1,di−1).
If L is a stratified Lie group, Ω ⊂ L is open, and Ω0 ⊂ Ω is also open then
α ∈ D′(Ω) determines α0 ∈ D
′(Ω0) via 〈α0, φ〉 = 〈α, φ〉 for all φ ∈ C
∞
0 (Ω0) ⊂
C∞0 (Ω). If Ω0 ⊂ Ω and Ω0 is compact (from now on denoted Ω0 ⊂⊂ Ω) then there
exists ǫ0 > 0 with the following property: whenever α ∈ D
′(Ω) there is a family
{αǫ | 0 < ǫ < ǫ0} of C
∞-smooth functions defined on Ω0 such that α
ǫ → α0 in
D′(Ω0) as ǫ→ 0. These smooth approximations to α0 are achieved by convolving α
with suitable elements of C∞0 (L). For an exposition of this theory see [12, pp. 88-90].
The manner of the regularization implies that Zαǫ = (Zα)ǫ for all Z ∈ l. Moreover,
if α, β ∈ D′(Ω) then (sα + tβ)ǫ = sαǫ + tβǫ in D′(Ω0) for all s, t ∈ R.
Suppose αǫ → α0 in D
′(Ω0) as in the previous paragraph and that each α
ǫ is a
polynomial of degree at most N (with N independent of ǫ). The distributions that
may be identified with polynomials of degree at most N form a finite-dimensional
subspace of D′(Ω0). Since D
′(Ω0) is a (locally convex and) Hausdorff topological
vector space, this subspace is closed. It follows that α0 may also be identified with
a polynomial of degree at most N .
Every open set Ω ⊂ L admits a compact exhaustion. That is, there is a sequence
of open sets (Ωk)
∞
k=1 such that Ωk ⊂⊂ Ω, Ωk ⊂ Ωk+1, and Ω =
⋃
Ωk. If αk is the
restriction of α to C∞0 (Ωk) (as discussed in the case of k = 0), and each αk is found
to be a polynomial, then the polynomials are the same and α may be identified with
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a polynomial onΩ. If α is a continuous function to begin with, and α as distribution
may be identified with a polynomial, then α is that polynomial.
Proposition 2.2. Let L be a stratified Lie group with Lie algebra l =
⊕
i≥1 li. Let
di = dim(li) and let Yi,j with j = 1, . . . , di be a basis for li. Let Ω ⊂ L be open and
suppose Υ =
∑
i
∑
j αi,jYi,j is a contact generalized vector field on Ω. If L is rigid
then each αi,j may be identified with a polynomial on Ω.
Proof. Let Ω0 be open such that Ω0 ⊂⊂ Ω. Let α
ǫ
i,j be a sequence of C
∞-smooth
functions defined on Ω0 as discussed in the paragraphs preceding this proof. It
follows Υǫ =
∑
i
∑
j α
ǫ
i,jYi,j is a C
∞-smooth vector field on Ω0. Let Xj = Y1,j and
suppose V ∈ v∞H (Ω0). It follows V =
∑
j σjXj with each σj ∈ C
∞(Ω0). Simple
rearrangements and a replacement justified by the definition of Qi,j,k alone yield
[Υǫ, V ] =
d1∑
k=1
s∑
i=1
di∑
j=1
[αǫi,jYi,j, σkXk]
=
d1∑
k=1
s∑
i=1
di∑
j=1
(
αǫi,jσk[Yi,j, Xk] + α
ǫ
i,j(Yi,jσk)Xk − σk(Xkα
ǫ
i,j)Yi,j
)
=
d1∑
k=1
s∑
i=1
di∑
j=1
αǫi,j(Yi,jσk)Xk −
d1∑
k=1
d1∑
j=1
σk(Xkα
ǫ
1,j)Xj
+
d1∑
k=1
σk
(
s+1∑
i=2
di−1∑
j=1
αǫi−1,j [Yi−1,j, Xk]−
s∑
i=2
di∑
j=1
(Xkα
ǫ
i,j)Yi,j
)
=
d1∑
k=1
s∑
i=1
di∑
j=1
αǫi,j(Yi,jσk)Xk −
d1∑
k=1
d1∑
j=1
σk(Xkα
ǫ
1,j)Xj
+
d1∑
k=1
σk
s∑
i=2
di∑
j=1
(
Qi,j,k(α
ǫ
i−1,1, . . . , α
ǫ
i−1,di−1
)−Xkα
ǫ
i,j
)
Yi,j.
Since
Xkα
ǫ
i,j = (Xkαi,j)
ǫ = Qi,j,k(αi−1,1, . . . , αi−1,di−1)
ǫ = Qi,j,k(α
ǫ
i−1,1, . . . , α
ǫ
i−1,di−1
)
we have that
[Υǫ, V ] =
d1∑
k=1
s∑
i=1
di∑
j=1
αǫi,j(Yi,jσk)Xk −
d1∑
k=1
d1∑
j=1
σk(Xkα
ǫ
1,j)Xj.
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This is clearly a horizontal vector field on Ω0, hence Υ
ǫ is contact in the classical
sense. Consequently, there is N such that αǫi,j is a polynomial of degree at most
N for all i, j, and suitable ǫ. Our comments above imply that each αi,j may be
identified with a polynomial on Ω. 
3. Contact mappings on the Cartan group
The set R5 with group product
(x1, x2, y, z1, z2)(x
′
1, x
′
2, y
′, z′1, z
′
2) = (P1, P2, P3, P4, P5),
P1 = x1 + x
′
1,
P2 = x2 + x
′
2,
P3 = y + y
′ + 1
2
(x1x
′
2 − x2x
′
1),
P4 = z1 + z
′
1 +
1
2
(x1y
′ − yx′1) +
1
12
((x1 − x
′
1)(x1x
′
2 − x2x
′
1)) , and
P5 = z2 + z
′
2 +
1
2
(x2y
′ − yx′2) +
1
12
((x2 − x
′
2)(x1x
′
2 − x2x
′
1)) ,
is a connected, simply connected Lie group we denote C. It is a realization of what
is sometimes called the Cartan group. We choose the following basis for c = Lie(C):
X1 = ∂x1 −
1
2
x2∂y −
1
2
(y + 1
6
x1x2)∂z1 −
1
12
x22∂z2 ,
X2 = ∂x2 +
1
2
x1∂y +
1
12
x21∂z1 −
1
2
(y − 1
6
x1x2)∂z2 ,
Y = ∂y +
1
2
x1∂z1 +
1
2
x2∂z2 ,
Z1 = ∂z1 , and
Z1 = ∂z2 .
On occasion it will be convenient to have the alternative labels Y1 = X1, Y2 = X2,
Y3 = Y , Y4 = Z1, and Y5 = Z2. The explicit expressions for these vector fields are
achieved by Yj|p = D0Lp(∂j), with ∂1, . . . , ∂5 the canonical Euclidean basis at the
origin of R5.
It is easily found that
[X1, X2] = Y, [X1, Y ] = Z1, and [X2, Y ] = Z2.
All brackets not immediate consequences of these are trivial. Consequently, c is a
stratified Lie algebra of step 3 with
c1 = span(X1, X2), c2 = span(Y ), and c3 = span(Z1, Z2)
and c1 determines a (2, 3, 5)-distribution.
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Remark 3.1. The group product is that arising from the following procedure (in
brief). Begin with an abstract Lie algebra c˜ with basis X˜1, . . . , Z˜2 satisfying the re-
lations just discussed (X˜1 replaces X1 etc.). There is a connected, simply connected
abstract Lie group C˜ with Lie(C˜) = c˜ and such that exp : c˜ → C˜ is a C∞-smooth
diffeomorphism. Now identify (x1, x2, y, z1, z2) ∈ R
5 with exp(x1X˜1 + x2X˜2 + yY˜ +
z1Z˜1+z2Z˜2) and use the Baker-Campbell-Hausdorff formula to discover a group law
making R5 equipped with that law isomorphic to C˜.
It is well known that C is rigid, indeed t(c) is isomorphic to the exceptional simple
Lie algebra of dimension 14. More details can be found in [19, pp. 29-30].
A basis dual to X1, X2, Y, Z1, Z2 for the 1-forms on C is given by
η1 = dx1,
η2 = dx2,
θ = dy + 1
2
x2dx1 −
1
2
x1dx2,
ι1 = dz1 +
(
1
2
y − 1
6
x1x2
)
dx1 +
1
6
x21dx2 +
1
2
x1dy, and
ι2 = dz2 −
1
6
x22dx1 +
(
1
2
y + 1
6
x1x2
)
dx2 −
1
2
x2dy.
We will sometimes refer to these by θ1 = η1, θ2 = η2, θ3 = θ, θ4 = ι1, and θ5 = ι2.
Like any stratified Lie group, C admits a family {δr | r ∈ (0,∞)} of group auto-
morphisms called homogeneous dilations,
δr(x1, x2, y, z1, z2) = (rx1, rx2, r
2y, r3z1, r
3z2).
If Ω ⊂ C is open and f : Ω→ C is a C1-smooth contact mapping, we define
JHf = det
(
X1f1 X2f1
X1f2 X2f2
)
.
It is sometimes called the horizontal Jacobian of f .
We rely on the following result of Warhurst from [20].
Theorem 3.2. Let L be a stratified Lie group, let Ω ⊂ L be open, and let f : Ω→ L
be a C1-diffeomorphism. Then f is a contact mapping if and only if f is Pansu-
differentiable.
LetΩ ⊂ C be an open subset and let f : Ω→ C be a C1-smooth contact mapping.
Let Ω′ = f(Ω) and define g : Ω′ → Ω by g = f−1. These are fixed for the remainder
of the section.
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By Theorem 3.2 f is Pansu-differentiable. This means for each p ∈ Ω there is a
graded Lie algebra automorphism Ppf whose action on T0C is given by
Ppf(X|0) = lim
r→0
exp−1
(
δ 1
r
(
f(p)−1f(pδr(expX|0))
))
.
Using only the structural properties of c we find
Pf(Y |0) = [Pf(X1|0),Pf(X2|0)] = (JHf)Y |0,
Pf(Z1|0) = JHf ((X1f1)Z1|0 + (X1f2)Z2|0) , and
Pf(Z2|0) = JHf ((X2f1)Z1|0 + (X2f2)Z2|0) .
Combining these with evaluation of the limit as r → 0 of the component functions of
exp−1
(
δ1/r (f(p)
−1f(pδr(expX|0)))
)
for different choices of X|0 ∈ T0C we discover
the following identities:
(Pf)3,1 = X1f3 +
1
2
(f2X1f1 − f1X1f2) = 0,
(Pf)4,1 = X1f4 +
1
2
(f3X1f1 − f1X1f3)−
1
6
(f1(f2X1f1 − f1X1f2)) = 0,
(Pf)5,1 = X1f5 +
1
2
(f3X1f2 − f2X1f3)−
1
6
(f2(f2X1f1 − f1X1f2)) = 0,
(Pf)3,2 = X2f3 +
1
2
(f2X2f1 − f1X2f2) = 0,
(Pf)4,2 = X2f4 +
1
2
(f3X2f1 − f1X2f3)−
1
6
(f1(f2X2f1 − f1X2f2)) = 0,
(Pf)5,2 = X2f5 +
1
2
(f3X2f2 − f2X2f3)−
1
6
(f2(f2X2f1 − f1X2f2)) = 0,
(Pf)3,3 = Y f3 +
1
2
(f2Y f1 − f1Y f2) = JHf,
(Pf)4,3 = Y f4 +
1
2
(f3Y f1 − f1Y f3)−
1
6
(f1(f2Y f1 − f1Y f2)) = 0,
(Pf)5,3 = Y f5 +
1
2
(f3Y f2 − f2Y f3)−
1
6
(f2(f2Y f1 − f1Y f2)) = 0,
(Pf)4,4 = Z1f4 +
1
2
(f3Z1f1 − f1Z1f3)−
1
6
(f1(f2Z1f1 − f1Z1f2)) = JHf(X1f1),
(Pf)5,4 = Z1f5 +
1
2
(f3Z1f2 − f2Z1f3)−
1
6
(f2(f2Z1f1 − f1Z1f2)) = JHf(X1f2),
(Pf)4,5 = Z2f4 +
1
2
(f3Z2f1 − f1Z2f3)−
1
6
(f1(f2Z2f1 − f1Z2f2)) = JHf(X2f1), and
(Pf)5,5 = Z2f5 +
1
2
(f3Z2f2 − f2Z2f3)−
1
6
(f2(f2Z2f1 − f1Z2f2)) = JHf(X2f2).
Here we have written (Pf)i,j for the (i, j)-entry in the matrix (Pf) of Pf with
respect to the basis X1|0, X2|0, Y |0, Z1|0, Z2|0. The matrix (Pf) is of block-diagonal
form and it is easily found that det(Pf) = J5Hf . Though we do not use the obser-
vation, it may be worth noting that for the combinations of i, j appearing in the
above list, (Pf)i,j = 〈f
∗θi, Yj〉.
Before proceeding further, we require some notation: if L is a stratified Lie group
with Lie(l) =
⊕
i≥1 li and Λ ⊂ L is open, then C
1
L(Λ) is the collection of functions
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h : Λ → R such that the classical derivative Xh exists and is continuous on Λ for
all X ∈ l1.
The following is Proposition 3.16 of [18, p. 26].
Lemma 3.3. Let L be a stratified Lie group and let Λ ⊂ L be open. A function
h : Λ → R belongs to C1L(Λ) if and only if the distributional derivative Xh is
continuous for all X ∈ l1.
This lemma plays an important role in the proof of the next result.
Proposition 3.4. (Pf)4,4, (Pf)5,4, (Pf)4,5, (Pf)5,5 ∈ C
1
C(Ω).
Proof. Let Ω0 ⊂⊂ Ω be open. There exists ǫ0 > 0 such that for each k = 1, . . . , 5
there is a family {f ǫk | 0 < ǫ < ǫ0} of C
∞-smooth functions defined on Ω0 with (i)
f ǫk → fk|Ω0 locally uniformly as ǫ → 0 and (ii) Yjf
ǫ
k → Yjfk|Ω0 locally uniformly
as ǫ → 0 for all j = 1, . . . , 5. This can be achieved using the underlying Euclidean
structure, or using a convolution defined in terms of group operations as developed
in [11]. In the following we take 0 < ǫ < ǫ0 always.
Define Pǫi,j to be (Pf)i,j with each instance of the component function fk replaced
with f ǫk. For example,
Pǫ4,5 = Z2f
ǫ
4 +
1
2
(f ǫ3Z2f
ǫ
1 − f
ǫ
1Z2f
ǫ
3)−
1
6
(
f ǫ1f
ǫ
2Z2f
ǫ
1 − (f
ǫ
1)
2Z2f
ǫ
2
)
.
Note, Pǫi,j converges to (Pf)i,j locally uniformly so P
ǫ
i,j → (Pf)i,j in D
′(Ω0).
We observe that
X2P
ǫ
4,5 = X2Z2f
ǫ
4 +
1
2
(X2f
ǫ
3Z2f
ǫ
1 + f
ǫ
3X2Z2f
ǫ
1 −X2f
ǫ
1Z2f
ǫ
3 − f
ǫ
1X2Z2f
ǫ
3)
− 1
6
(f ǫ2X2f
ǫ
1Z2f
ǫ
1 + f
ǫ
1X2f
ǫ
2Z2f
ǫ
1 + f
ǫ
1f
ǫ
2X2Z2f
ǫ
1)
+ 1
6
(
2f ǫ1X2f
ǫ
1Z2f
ǫ
2 + (f
ǫ
1)
2X2Z2f
ǫ
2
)
.
This is nothing but repeated application of the product rule. Now we compute,
Z2P
ǫ
4,2 = X2Z2f
ǫ
4 +
1
2
(X2f
ǫ
1Z2f
ǫ
3 + f
ǫ
3X2Z2f
ǫ
1 −X2f
ǫ
3Z2f
ǫ
1 − f
ǫ
1X2Z2f
ǫ
3)
− 1
6
(f ǫ2X2f
ǫ
1Z2f
ǫ
1 + f
ǫ
1X2f
ǫ
1Z2f
ǫ
2 + f
ǫ
1f
ǫ
2X2Z2f
ǫ
1)
+ 1
6
(
2f ǫ1X2f
ǫ
2Z2f
ǫ
1 + (f
ǫ
1)
2X2Z2f
ǫ
2
)
.
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Here we have used that Z2 is in the center of c so that X2 and Z2 commute. It
follows,
X2P
ǫ
4,5 − Z2P
ǫ
4,2 =
1
2
(X2f
ǫ
3Z2f
ǫ
1 −X2f
ǫ
1Z2f
ǫ
3 −X2f
ǫ
1Z2f
ǫ
3 +X2f
ǫ
3Z2f
ǫ
1)
− 1
6
(f ǫ1X2f
ǫ
2Z2f
ǫ
1 − f
ǫ
1X2f
ǫ
1Z2f
ǫ
2)
+ 1
6
(2f ǫ1X2f
ǫ
1Z2f
ǫ
2 − 2f
ǫ
1X2f
ǫ
2Z2f
ǫ
1)
= X2f
ǫ
3Z2f
ǫ
1 −X2f
ǫ
1Z2f
ǫ
3 +
1
2
(f ǫ1X2f
ǫ
1Z2f
ǫ
2 − f
ǫ
1X2f
ǫ
2Z2f
ǫ
1) .
This last expression involves only first derivatives of the f ǫk. Hence,
X2(Pf)4,5 = lim
ǫ→0
(
X2P
ǫ
4,5 − Z2P
ǫ
4,2
)
= X2f3Z2f1 −X2f1Z2f3 +
1
2
(f1X2f1Z2f2 − f1X2f2Z2f1)
in D′(Ω0). Already this shows the distributional derivative X2(Pf)4,5 is continuous.
Pushing further, we find it admits a cleaner description. Since (Pf)3,2 = 0,
X2f3 =
1
2
(f1X2f2 − f2X2f1)
and we find
X2(Pf)4,5 =
1
2
(f1X2f2 − f2X2f1)Z2f1 −X2f1Z2f3 +
1
2
(f1X2f1Z2f2 − f1X2f2Z2f1)
= −X2f1
(
Z2f3 +
1
2
(f2Z2f1 − f1Z2f2)
)
= −X2f1 〈f
∗θ, Z2〉 .
In a similar way we discover
(2)
X1(Pf)4,4 = −X1f1 〈f
∗θ, Z1〉 ,
X2(Pf)4,4 = −X2f1 〈f
∗θ, Z1〉 ,
X1(Pf)5,4 = −X1f2 〈f
∗θ, Z1〉 ,
X2(Pf)5,4 = −X2f2 〈f
∗θ, Z1〉 ,
X1(Pf)4,5 = −X1f1 〈f
∗θ, Z2〉 ,
X2(Pf)4,5 = −X2f1 〈f
∗θ, Z2〉 ,
X1(Pf)5,5 = −X1f2 〈f
∗θ, Z2〉 , and
X2(Pf)5,5 = −X2f2 〈f
∗θ, Z2〉 .
(We have included the already discussed X2(Pf)4,5 for the sake of a complete list.)
That (Pf)4,4, (Pf)5,4, (Pf)4,5, (Pf)5,5 ∈ C
1
C(Ω0) now follows from Lemma 3.3.
The classical first horizontal derivatives are given by list (2). AsΩ0 was an arbitrary
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open set compactly contained inΩ, it must be that (Pf)4,4, (Pf)5,4, (Pf)4,5, (Pf)5,5 ∈
C1C(Ω) as desired. 
Let Υ = α1,1X1 + α1,2X2 + α2Y + α3,1Z1 + α3,2Z2 be a generalized vector field on
Ω
′ = f(Ω). By definition, Υ is contact if
X1α2 = −α1,2, X2α2 = α1,1,
X1α3,1 = α2, X1α3,2 = 0, X2α3,1 = 0, and X2α3,2 = α2.
Proposition 3.5. If
α = [(JHf) ◦ g][(X1f1) ◦ g] and β = [(JHf) ◦ g][(X1f2) ◦ g]
or
α = [(JHf) ◦ g][(X2f1) ◦ g] and β = [(JHf) ◦ g][(X2f2) ◦ g]
then
Υ = (X2X1α)X1 − (X1X2β)X2 + (X1α)Y + αZ1 + βZ2
is a contact generalized vector field on Ω′.
Proof. The form of Υ implies the proof reduces (in either case) to showing both
X1α = X2β and X1β = 0 = X2α in D
′(Ω′). We work the case of α = [(JHf) ◦
g][(X2f1) ◦ g] and β = [(JHf) ◦ g][(X2f2) ◦ g] in detail.
In the current circumstances, that (P(f ◦ g)) = [(Pf) ◦ g](Pg) and that (Pg) is
invertible are basic facts. They allow us to identify
α = −
X2g1
J2Hg
= −
JHg(X2g1)
J3Hg
= −
(Pg)4,5
(Pg)4,4(Pg)5,5 − (Pg)4,5(Pg)5,4
and
β =
X1g1
J2Hg
=
JHg(X1g1)
J3Hg
=
(Pg)4,4
(Pg)4,4(Pg)5,5 − (Pg)4,5(Pg)5,4
.
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We now start writing Pi,j for (Pg)i,j. By Proposition 3.4 and (2) we have
−X2α =
X2P4,5(P4,4P5,5 − P4,5P5,4)
J6Hg
−
P4,5((X2P4,4)P5,5 + P4,4(X2P5,5)− (X2P4,5)P5,4 − P4,5(X2P5,4))
J6Hg
=
(X2P4,5)P4,4P5,5
J6Hg
−
(X2P4,4)P4,5P5,5
J6Hg
−
(X2P5,5)P4,4P4,5
J6Hg
+
(X2P5,4)P
2
4,5
J6Hg
= −
X2g1 〈g
∗θ, Z2〉 P4,4P5,5
J6Hg
+
X2g1 〈g
∗θ, Z1〉 P4,5P5,5
J6Hg
+
X2g2 〈g
∗θ, Z2〉 P4,4P4,5
J6Hg
−
X2g2 〈g
∗θ, Z1〉 P
2
4,5
J6Hg
= −
X1g1X2g1X2g2 〈g
∗θ, Z2〉
J4Hg
+
(X2g1)
2X2g2 〈g
∗θ, Z1〉
J4Hg
+
X1g1X2g1X2g2 〈g
∗θ, Z2〉
J4Hg
−
(X2g1)
2X2g2 〈g
∗θ, Z1〉
J4Hg
= 0.
Similar calculations lead to
X1β =
X1g1X2g1X1g2 〈g
∗θ, Z1〉
J4Hg
+
(X1g1)
2X1g2 〈g
∗θ, Z2〉
J4Hg
−
(X1g1)
2X1g2 〈g
∗θ, Z2〉
J4Hg
−
X1g1X2g1X1g2 〈g
∗θ, Z1〉
J4Hg
= 0.
Furthermore, it is straightforward to check that
X1α =
(X1g1)
2X2g2 〈g
∗θ, Z2〉
J4Hg
−
X1g1X2g1X2g2 〈g
∗θ, Z1〉
J4Hg
−
X1g1X2g1X1g2 〈g
∗θ, Z2〉
J4Hg
+
(X2g1)
2X1g2 〈g
∗θ, Z1〉
J4Hg
= X2β.
The case of α = [(JHf) ◦ g][(X1f1) ◦ g] and β = [(JHf) ◦ g][(X1f2) ◦ g] is left to
the reader. 
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We are now ready to prove the main result of this paper. In the proof we write
∆C for the sub-elliptic Laplacian on C, ∆C = X1X1 +X2X2.
Theorem 3.6. f ∈ C∞(Ω).
Proof. From Proposition 3.5 and Proposition 2.2 we have that Xjgi/J
2
Hg is a poly-
nomial for each combination of i, j = 1, 2. Consequently, J−3H g is a polynomial.
Since 0 < JHg < ∞ on Ω
′ it follows JHg is C
∞-smooth on Ω′. We now see that
each Xjgi, 1 ≤ i, j ≤ 2, is C
∞-smooth. This is enough to conclude that ∆Cgi is
C∞-smooth for each i = 1, 2. Because ∆C is a hypoelliptic operator this gives gi is
C∞-smooth on Ω′ for each i = 1, 2. At this point we invoke that (Pg)3,1, (Pg)4,1,
(Pg)5,1, (Pg)3,2, (Pg)4,2, and (Pg)5,2 are all zero to find that Xjgi is C
∞-smooth for
all j = 1, 2 and i = 3, 4, 5. Arguing as before, we conclude that gi is C
∞-smooth for
all i = 3, 4, 5, hence for all i = 1, 2, 3, 4, 5. Clearly, f is C∞-smooth by the symmetry
of the situation. 
Remark 3.7. Use of ∆C in the proof of Theorem 3.6 could be considered heavy-
handed, however, we find it a transparent argument. In any case, it is interesting
to note that though ∆C is hypoelliptic by Ho¨rmander’s theorem, it is not analytic-
hypoelliptic by [7].
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